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ABSTRACT 

The computation of the microcanonical density of states for a string gas in 
a finite volume needs a one by one count because of the discrete nature of the 
spectrum. We present a way to do it using geometrical arguments in phase 
space. We take advantage of this result in order to obtain the thermodynamical 
magnitudes of the system. We show that the results for an open universe exactly 
coincide with the infinite volume limit of the expression obtained for the gas 
in a box. For any finite volume the Hagedorn temperature is a maximum one, 
and the specific heat is always positive. We also present a definition of pressure 
compatible with i?-duality seen as an exact symmetry, which allows us to make a 
study on the physical phase space of the system. Besides a maximum temperature 
the gas presents an asymptotic pressure. 
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1 Introduction 



Now that we know at last that, in the infinite volume limit, the microcanonical 
description of a gas of closed strings undergoes, at a finite energy per string, 
a transition to a phase with a maximum temperature evolving from increasing 
positive specific heat 0, it seems natural to explore a more physical way of 
achieving big (infinite) volumes by departing from small ones. 

Historically this is not a new topic. Many times in Physics, questions do not 
arise as a consequence of logical focuses; but from rather biased assumptions. It 
is in the context of String Cosmology where the question of stringy universes con- 
tained in boxes raised the problem of taking the infinite volume limit in relation 
with the volume dependence of the microcanonical density of states @. Calcu- 
lations for the high energy limit of the system yielded a picture in which the 
infinite volume limit taken from finite volumes in the microcanonical ensemble 
produced a scenario different from the one obtained by getting the microcanon- 
ical description directly from already open universes ||. This astonishing result 
was explained as a pure stringy effect stemming from the string windings. 

It is a little bit surprising that such conclusion can be supported by a calcu- 
lation that is only valid for a vague high energy of the system. What we propose, 
because it is feasible, is to compute the complete density of states of the single 
string valid for any value of the energy and for any volume. When one has discrete 
momenta and, of course, discrete windings one should count their contribution 
to the degeneration one by one. This is actually what we are going to do in 
section three after some introduction to the microcanonical description in String 
Statistical Mechanics. In the fourth section, we will take the infinite volume limit 
and we will analytically show that we exactly recover the result that is found by 
inverse Laplace transforming the infinite volume free energy computed through 
the S'-representation. We will also show that the same happens for the multiple 
string gas. Finally, we present a study of the behaviour of the system in terms 
of its volume, focusing on the pressure and the system's phase diagram. 

We will choose closed superstrings, but not the Heterotic, to work with. How- 
ever it is not hard to see that all the conclusions hold for any closed string gas, 
and also for the Heterotic one. 
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2 A reminder on the Micro canonical Ensemble 



Let us begin with a brief review about the forms of defining the microcanonical 
density of states (see [|J, for example). Suppose we have a system with a con- 
tinuous spectrum of energies, then we can call T(E, V) the number of accesible 
states falling into an interval [E, E + dE\. The density of states is defined by: 

T(E, V) = Q(E, V)dE (1) 

If the system has got a discrete spectrum of energies, the differential of E can- 
not be taken arbitrarily small, but has a minimum value. In this situation what 
seems to us as the most fundamental way to compute T(E, V) is to enumerate 
all the states in which the system can appear at a given energy interval. 

The definition of the partition function of a system is 

Z(J3,V) =J2e~ l3E{{n}) (2) 
W 

where {n} represents all the quantum numbers defining the state and its energy is 
E({n}). It will also be useful to recall that for a string gas that has null chemical 
potential, there are contributions from all the possible iV-string systems, and the 
partition function of each one is 

* W (P,V) = ±{-PF(P,V)f (3) 
Now the partition function can be written as 

+oo 

Z% V) = £ ^ = exp [-PF(P, V)] (4) 

N=0 

We must note that there is a contribution from the system with no subsystems, 
i.e. N = 0; quantum mechanically this is the vacuum at the temperature of 
the bath. This term makes the main difference when comparing the canonical 
and microcanonical ensembles. When the energy exchange between the vacuum 
and the bath is relevant one should not forget that if both ensembles describe 
systems with the same entropy, then magnitudes like the specific heat may not 
coincide when expressed in terms of E (microcanonical ensemble) or T (canonical 
ensemble) . 
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We will focus now on the single string system. With iV = 1 we have 

z®(P t V) = -PF((1,V) = ^m,V)e-^ (5) 

i 

where Ti{Ei, V) amounts to the total degeneration for a given energy. The single 
string density of states contains all the information that suffices to describe the 
complete system because it is possible to recover any iV-string system density of 
states from it. For example, if one has a system composed by two subsystems 
with densities Q(E,V) and Q'(E,V), the density of states of the whole system 
will be 

n total (E,V)=A [ E 1 dtQ(t,V)Q'(E-t,V) (6) 
Jo 

where E is the total energy shared by both subsystems. The meaning of this 
integral is obvious, it is the summation over all possible energy distributions. A 
is a combinatorial factor which takes into account the indistinguishability features 
of the subsystems. Seen from the point of view of the inverse Laplace tranform 
techniques the above equation corresponds to the convolution theorem. 
On the other hand, for the Helmholtz free energy we have: 

oo / I -i \r 

- @F(f3, V) B , F = ± £ log (l =p e -**«»») = zp £ £ £±L e -/w*({»>) (7) 

M {«} r=l r 

where B(F) stands for bosons (fermions). It is important to note that in the 
boson case the free energy is divergent at every temperature if the zero energy 
state is taken into account. This is the result of counting the vacuum state - 
with zero energy, and correspondingly all its quantum numbers null- an infinite 
number of times if one tries to second quantize it. The solution is simply to neglect 
the vacuum contribution. This does not affect the thermodynamical properties 
in the microcanonical ensemble because there is only one state at zero energy. 
The quantum corrections to the Maxwell-Boltzmann statistics are represented by 
the r > 1 terms in the previous expression. Equating eq.(|7|) and eq.@ one sees 
that T 1 (E i , V) must take into account quantum statistical effects. 

3 The single string density of states 

The mass formula for a non heterotic closed superstring living in a nine- dimensional 
hypertorus is || 
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a'm 2 IR 2 ^~ I a! _~ _ T ~ 

= m 2 + -n + A^ + A^ (8) 

2 2 a' 2 R 2 K J 

Where R is the radius of every spatial dimension of the universe, n is the 
quantum number related to the momenta and m is the one related to the windings. 
Both are vectors of the lattice Z 9 . A" and A" are the total number of left and 
right oscillators. There also exists the constraint 

N - N + m-n = (9) 

To our purpose it is useful to introduce the constraint into the mass formula 
taking N = N + m- n>0, and put the part corresponding to the windings and 
discrete momenta in the form of a perfect square: 

/ / — 7 \ 2 

a'm 2 = \^=fh+ -^-n\ + AN (10) 



R 

Now if one notices that because of the finite volume this expression for the 
mass is in fact the energy of the string, counting the number of ways of getting a 
given value of m 2 corresponds to computing the microcanonical density of states. 
For the time being, we are going to compute this density for Maxwell-Boltzmann 
statistics (the r = 1 term in eq.(|7])) and we will introduce the quantum corrections 
later. 

To proceed, let us fix some notation. For a while, we will use new variables 
by setting 



£ (id 



s — —n + Lrh (12) 
L 

The meaning of L is obvious. That of s is a little bit subtle; in some sense, 
this vector represents the kinetic degrees of freedom (windings and momenta). 
In terms of these, the constraint appears as 

N = N + n-(^s-^nj=N+jn-s-^n 2 (13) 

Let us now keep A^ and A^ fixed so that, obeying eq.(ffO), s 2 will be a constant 
for a given fixed energy. In addition to this we completely fix the vector s, not only 
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Figure 1: A three dimensional version of the geometry involved in the computation of 
Ti(E,V). 



its modulus but also its direction. By doing this, eq.([H|) becomes geometrically 
the equation of the eight-dimensional hypersphere defined by the intersection of 
the hyperparaboloid defined by the right hand side of eq. ([13]) and the hyperplane 
defined by making N constant (Fig. 1 may be of some help). All these geometrical 
objects live in phase space. Geometry will serve our purpose of counting states 
because we are going to use the volume given by the area of the hypersphere times 
a differential of its radius p as a continuous measure of the number of discrete 
states. These states have an energy in an interval whose width is determined by 
the finite increment of p. The increment allows us to relate Qi(E,V) with this 
calculation of T 1 (E, V) as it has been stated in eq.(0). 

The sphere is generated by letting the tip of the vector n (or equivalently rh) 
rotate around the center, and then, for the given value of s this motion produces 
a vector rh (ft) set by 



1 1 
m = -s--n 

-2„ 



in = Ls-L 2 m) (14) 

For arbitrary E, N and N, the last equation can violate the fact that m (n) is 
an integer vector. This does not worry us because the state with rh (h) being the 
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nearest integer vector to the one defined by the relation in eq.([14]) will be in the 
shell [p, p + Ap] if we set Ap = 1, which is the length, in phase space, from a state 
to the next along the edges of the box. We have to decide whether we let m or 
n rotate. The election is in fact arbitrary but if we want our Ap to produce the 
smallest AE, we should better choose n if L < 1 and rh otherwise. With other 
elections both Ti(E, V) and AE would be larger, leading to the same result for 
Q 1 (E,V). 

The radius of the hypersphere is easily seen to be 



p= -L) + 1)) ^N-N+^s 2 (15) 

where $(x) is the Heaviside function, that comes up to the stage to help us to 
express our 'double' election of Ap. This choice is valid provided the assumption 
that none of the kinetic vectors is null, because in that case everything would 
vanish. We shall consider those possibilities later on. 
The area of a sphere of radius p in ci-dimensions is£} 

In eq.(|l3|) we had fixed the vector s*to a constant. We have then to let it rotate 
generating another sphere with radius ^L-$(l — L) + j;$(L — 1)^ |s|, where the 
Heaviside functions appear for the same reasons they did in eq.(|15|) above. 

After that we have got the degeneration for N and N fixed such that 



( i \ 16 

x (L - L) + — — 1) J Ap (17) 

The factor one half in front of eq. (|i~7j) comes from the fact that we are counting 

only either bosons or fermions (the theory is supersymmetric) and the factor 

two to the eighth counts the fermion zero modes. The and measure the 

degeneration tied to the oscillators that give the same iV and N. They are gotten 

1 A(d, p) as a function of d; i.e. the number of compactified dimensions, has a maximum for 
d ~ 7. Notice that 11 = 7 + 4 
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as the coefficients of the series expansion on x = e 2mT of the SSTII partition 
function. They are given by: 



1 d k 



a k = 77 



k\ dx k 



04(0, X) 



x=0 



If we substitute s 2 = a'E 2 — 4iV in eq. ( [L7|) , and sum over all possible values 
of N, N we obtain 

r\E, v) = lp Q (i^)) ( a ^ 2 - 4iV ) 8/2 + i; 

ra'B 2 , 

L^J / n Q/2 \ , 1 \ 8 

x E ^(f^I^-^^I^^-^ + t^- 1 )) a ^ ( 19 ) 

N=0 



T(9/2) / v " ' \ y L 



This is the expression for the degeneration of the single string not forgetting 
that we have not included the states for which the winding or momentum are null. 
In these cases the hypersphere of radius p in phase space must be substituted 
by one single point, i.e. one single state. We have just one sphere with radius 



y/ a'E 2 — AN multiplied either by L if there are no windings or by l/L if no 
momenta appear. 

Summing everything up we finally arrive to: 



r,(B,v) 



i't /N (^)(^-4 J V)^( i ,(l- i ) + I,( i - i: 



2tt 9 / 2 \ 



? aN {fm)j {a ' E2 ~ 4A ° 8/2 \ L §{l ~ L) + l d{L " 1 

j (a'E 2 - 4k f 2 (L 8 + -j- : 



A k=0 



r(9/2). 



Ap 



z k=l 





'a'E 2 ' 




( 
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(20) 



Here [ 9L j[-] stands for the integer part of what is inside the square brackets. 
This is so because we have taken the energy as a continuous variable although it 
actually takes only discrete values. This is a good approximation except for the 
low energy range of a string in a very little (approximately selfdual) box. The 
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last term comes from the marginal case n = rh = 0. Because of the Kronecker 
deltas this term contributes with a finite number of states only when the energy 
lies in between two mass levels. Here, we can easily introduce quantum statistics 
by simply making the same calculation with rE instead of E and multiplying by 
1/r as can be seen in eq. ([?]). Adding up the contributions of fermions and bosons 
reduces the sum over r to the odd values. 

We should not miss the point that our goal is to get the density of states 
fli(E, V). So, Ti(E, V) must be devided by AE. Taking into account that 



Ap Ap A\s\ 



a'E/r 2 



Ap 



(21) 



AE A\s\ AE fe]pp~^A\3\ 

where Ap/A\s\ equals either L or 1/L depending on the case (cf. for example 
eq . flT5|) ), and 

At n'R 

(22) 



AE 2r 2 

At this point, we are able to write a closed expression for the density of states 
of the single string valid across the whole range of energy and volume 



ni{E,v)= £ £ 



,18 



r(9/2). 



a' 



a' 



8/2 



(r>l,odd) N,N=0 

x a'E (a'E 2 - ANr 2 ) V2 (a'E 2 - 4A>r 2 )° /Z A(R) 



_l_ y^ f 

(r>l ,odd) k=0 rl ° \r(9/2)/ 



+2 8 E E4s 

(r>l ,odd) k=l 



'a'E 2 ' 




,kr 2 ^J 


4 



a'E 



2r 3 



(23) 



where L has been substituted in terms of R and we have defined 

l—. \ 17 



A(R) = (-^ViVa 1 -R) + ^$(R- Va 1 )) (24) 



T(R) 



R 



+ 



(25) 



x /a' J \ R J 

As expected, i?-duality is explicit in the single string density of states through 
A(R) and T(R) which both encode all the information about the volume depen- 
dence. 
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4 Thermodynamics: Temperature vs. Energy 



In this section we will study some properties of the single and multiple string 
gases in this totally compactified universe. We start by showing that the infinite 
volume limit of the density of states of the system is completely equivalent to the 
one obtained for an already open universe using the inverse Laplace transform 
techniques. Those methods were used inQ for the bosonic string case and can 
easily be adapted to the Superstring case giving 



ME) = ^rr- £ Y. r a k E \ E - -~r\ 4^-^-) (26) 



(r>l ,odd) k=0 \ a J \ a ' 



with (V = (2ttR) 9 ) — > oo. Taking the limit R — > oo in eq.(p3|) it is immediate 
to verify that both limits exactly coincide. The last term in eq.(p3|) does not 
depend on R so that it gives a finite contribution to the infinite volume limit. It 
does not appear when one uses the S'-representation for the Helmholtz free energy 
because the use of continuous momenta reduces the measure of these states in the 
integral to zero. This is a well known fact in Solid State Physics. These states 
are equivalent to those that produce Bose condensation (cf. for instance [|J). In 
any case they have to be taken into account separately. For an open universe we 
can neglect them compared to those that diverge linearly with the volume. 

Once we have got the density of states we are able to study all the thermo- 
dynamical properties of the gas. The temperature is 



T-\E) 



dn(E, V) 



(27) 

v 



P(E,V) BE 

In figurefPI we present the temperature calculated for the single string system. 
The oscillating plot represents the temperature of the string for a big (infinite, 
for physical purposes) volume and the lower plot corresponds to the same system 
confined into a small box. Both are compared to the temperature calculated for 
the asymptotic high energy limit where the density of states is approximated by: 

e P H E 

^asymp ^ ^11/2 ^("^V (^8) 



2 In our units, the Hagedorn temperature is one and energy is measured in units of \j\fa! 
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2 4 6 8 10 



Figure 2: The temperature of a single closed Superstring gas in terms of its energy. 

This is the leading term for big volumes. One can also compute the high energy 
behaviour of the first term in eq.(p3|) to give 

e P H E 

tti yrnp <x^A(R) (29) 

As expected, at low energies the system behaves like a set of massless quantum 
fields in the micro canonical description, that is, its specific heat is positive and 
constant. Before going on we should mention that for those low energies and small 
volume the spectrum gets very discrete and no thermodynamical magnitude can 
in fact be defined. From the point of view of Statistical Mechanics we cannot 
assume that AE is small because in this case it is as big as the total energy of the 
system. Increasing the volume or the energy one can recover a thermodynamical 
description since AE becomes small compared to the energy values. 

For a given volume allowing a thermodynamical description at low energies, 
the accesible string states are those that are made from either pure momenta 
or windings, the election is irrelevant because of i?-duality. These strings do 
not distinguish small volumes from large ones so that, in this range of energies, 
neither topology nor size affect the temperature, in such a way that the specific 
heat is the same in any situation. A purely stringy effect like the existence of 
states that combine windings and momenta changes this behaviour, cooling the 
gas. This effect gets less important as the volume grows. 
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2 4 6 8 10 

Figure 3: The temperature of a single and two string gases in an open universe. 

The oscillations of the temperature are due to the opening of ever more degen- 
erate mass thresholds corresponding to the oscillator energy levels of the string. 
This explains the successive coolings of the gas[]. In the plots the maxima look 
very sharp but the function T(E) has a continuous derivative. Because of the 
preponderance of the Maxwell-Boltzmann statistics at high energies the system 
tends to have the Hagedorn temperature. 

Now that we have the complete knowledge of the thermal properties of the 
single string we are able to attempt to study the whole system. The multiple 
string gas density of states Q(E) can be computed using repeated convolutions 
as we explained in section two. It would be 

^ 1 AO 

W= ET7^i(£)*---* fi i(£)- (3°) 

N=l iV ' 

We have to sum up every contribution because the system is a quantum gas 

with null chemical potential. In the case of large volume, the contribution of the 

N — ► oo term outweighs all the others as fli(E) grows linearly with the volume. 

In figure ^ we show the temperature of the single and the two string gases in terms 

of their total energy for that case. The growth of the number of accesible states 

at a given energy due to the second string, softens the thermal behaviour of the 

3 Any relativistic quantum theory with several discrete mass levels presents this kind of 
oscillations in the temperature. 
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gas, lowering the maximum temperature and supressing the sharp variations that 
appeared in the single string gas. Extrapolating this evolution to the iV-string 
system, it is possible to induce the behaviour with an infinite number of strings. 
That gives a positive and growing specific heat that diverges at a finite energy per 
string; there, the system reaches its maximum temperature, the Hagedorn one, 
and from that point on, the specific heat remains infinite and the temperature 
constant (see Q). 

The scenario in the finite volume case is quite similar, but there is a finite 
number of relevant terms in the series (|30|) at a given energy. Figure |] shows 
the temperature for the selfdual volume, in the energy range in which the ther- 
modynamical description is defined. The influence of the second term is also the 
stabilization of the system, just as in the infinite volume case. It can be seen that 
its relevance at low energies is small and becomes more important at certain en- 
ergies where it makes the specific heat positive and finite. However if the system 
reaches the energy at which the N > 2 terms become relevant, the two-string gas 
will tend to have a negative specific heat, but precisely at these energies we must 
sum up the other contributions that stabilize once more the system. In short, the 
multiple string system has a finite and positive specific heat in the whole energy 
range, in spite of the fact that every gas with a finite number of strings has got 
negative specific heat for certain asymptotic ranges of energy. The low energy 
oscillations that appeared for the single string and that vanish for the multiple 
string gas are an example of the softening of the thermal behaviour by bigger N 
terms. The most relevant term of the series is the one that corresponds to the 
most probable number of strings in the system. For instance, at low energies, 
this number is one. 



5 Thermodynamics: Pressure and i?-duality 



In the microcanonical ensemble the pressure of a system is usually defined by 

d\og(Q(E,V)) 



P(E,V) 



T(E,V)- 



dV 



(31) 



J E 



If we understand i?-duality as a symmetry of the system we should expect that 
an observer could not distinguish which of the two possible values of V he/she 
is living in, so any physical magnitude must be invariant under duality. It is 
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Figure 4: The temperature of a single and two string gases in a box of selfdual size. 

evident that the usual definition of pressure does not fit into this criterium. This 
is why we are in need of a new, dual definition of pressure. There are several 
possibilities but the one that seems to us the most appropriate in order to keep 
its usual thermodynamical features is 



P(E,V) = T(E,V) 



d J^mX)l 0(y - 1) + ^"(^1 *(i - V) 



E 

(32) 



where we express the volume in units of the selfdual one. It is immediate to 
modify every other thermodynamical relation in which the volume or pressure 
appear. With this definition, we recover the usual thermodynamics for V > 1. 
All these subtleties arise because of a redundant treatment of the string's phase 
space as it truly consists only of half the configurations we are considering. That 
is, the region with volumes smaller than the selfdual one is exactly the same that 
the V > 1 one. For a given (V > 1) volume the system at low energies is such that 
the states of pure momentum are filled and so the pressure tends to grow as the 
energy does. When winding states are accesible they contribute negatively to the 
pressure, but in this situation equipartition breaks (see j3|) and the combined 
states of winding and momentum are in fact only accesible to one string of the 
total system. The others remain in the low energy states, which are accounted 
for by the term with T(R) in (25), and contribute positively to the pressure. 
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Figure 5: The phase diagram of the string gas for several volumes larger than the 
selfdual one. The system reaches a maximum pressure when T = Tjj, v equals V/N, 
where N is the number of strings. 

The final result is that the complete gas has a positive pressure and reaches an 
asymptotic value (T^N/V) at very high energies. The case of infinite volume is 
special because winding states are abstent so there is no negative contribution to 
the pressure. We see this behaviour in the qualitative Pv vs. T diagram in the 
microcanonical ensemble shown in fig |5|. 

Another interesting feature of the statistical behaviour of the system is that 
its entropy always grows with the volume, getting a minimum for the selfdual 
size, at any energy. 

6 Conclusions 

We have studied a microcanonical description of a container of finite volume V 
filled with strings. The problem of counting the accessible states at a given energy 
has been solved indirectly passing through the same counting for a single string 
filling the whole box. The next step toward the description of the physical system 
with an average number of strings has been done by using repeated convolutions. 

The single string degeneration has been calculated using Condensed Matter 
standard techniques in the sense that we use the mass formula and the constraint 
as a dispersion relation that gives the energy as a function of the quantum num- 
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bers defining the states. So finally the task is reduced to a problem of computing 
volumes in phase space. 

Gotten the density of states, it is easy to compute the infinite volume limit 
degeneration to get exactly the same result one obtains by inverse Laplace trans- 
forming (\ogZ((3)) for an already open universe. The information about the 
multiple string system is actually seeded in the single string density and is gotten 
by simply putting a set of strings to share a given amount of energy. This is 
roughly speaking what amounts to making a convolution. 

Another result is that, at finite volume, whenever there is enough states to 
make statistics, the specific heat is positive and finite and the Hagedorn temper- 
ature is reached asymptotically. More precisely, the term that combines winding 
and momenta and unbalanced left and right oscillators (N ^ N) makes the dif- 
ference at finite volume. At low energies and small volumes the discrete nature 
of the spectrum prevents any thermodynamical description although one can say 
that there is only a single string at a fixed energy. 

In this work we assume as a belief that i?-duality is a symmetry like gauge 
symmetry in the sense that there is a redundancy in phase space resulting from the 
assumed complete equivalence between the system at size R and a'/ R. Then we 
propose that the physical sizes go either from the selfdual point to infinity or from 
the selfdual point to zero. This point of view has important consequences because 
no physical measure may elucidate between the two pictures. This interpretation 
is clearly incompatible with the pressure as it is usually defined. So, we propose 
a new definition compatible with i?-duality which reduces to the standard one for 
volumes bigger than the selfdual one. This way the dependence on the volume 
of all the thermodynamical magnitudes is smooth. 

One of the most remarkable things is that the entropy of the multiple string 
gas depends on the volume in such a way that there is an absolute minimum at 
the selfdual size and grows with the volume in any other case. If the equilibrium 
states are those with maximum entropy, then our finite size box should expand 
to maximize the degeneration and finally reach thermodynamical equilibrium. 
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